We consider a system of coupled free boundary problems for pricing American put options with regime switching. To solve this system, we first fix the optimal exercise boundary for each regime resulting in multi-variable fixed domains. We further eliminate the first order derivatives associated with the regime switching model by taking derivatives to obtain a system of coupled partial differential equations which we called the asset-delta-gamma-speed option equations. The fourth-order compact finite difference scheme and Gauss-Seidel iterative method are then employed in each regime for solving the system of the equations. In particular, the third order Hermite interpolation technique is used for estimating the coupled asset and delta options in the set of equations. The numerical method is finally tested with several examples. Our results show that the scheme provides an accurate solution with the convergent rate in space of 2.44 and the rate in time of 1.86, which is accurate and fast in computation as compared with other existing numerical methods.
Introduction
The well-known Black-Scholes equation has been used over decades in options valuation. This model constructs a delta hedging portfolio with an assumption of the frictionless market, no-arbitrage, and constant risk-free interest and volatility [45] . To remove this ideal assumption and reproduce the actual market price, risk, behavior, and dynamics, researchers have proposed several improvements by including stochastic volatility [11, 16, 20, 26, 27, 50] , jump-diffusion [3, 9, 15, 21, 31] , and regime switching [12, 17, 25, 30] in the pricing models.
Regime switching model for American option valuation, first introduced by Hamilton [22] , has gained broader interest after the seminal work of Buffington and Elliot [6] . It defines a finite number of market states known as regimes. Each regime has its own set of market variables, and the market randomly switches among different regimes [10] . The model for option valuation with regime switching involves a system of partial differential equations with free boundaries for which the analytical solution is very difficult to obtain in general. Thus, some works in the literature have proposed numerical techniques for solving the option pricing equation with regime switching. Among them, the commonly known numerical methods are the penalty method [41, 48] , the method of line [10, 37] , the lattice method [23, 36, 43] , the fast Fourier transform [5, 35] , and the front-fixing techniques [17] . The latticebased method is more common among practitioners. However, tracking the optimal exercise boundary can be a challenge [43] . Fast Fourier transform method is efficient in solving the European options [10] .
Penalty method removes the free boundary by introducing a penalty term [30] . MOL method [10, 37] calculates the asset and delta options and the optimal exercise boundary simultaneously during computation. Meyer and van der Hoek [37] pointed out that there are still some complications with MOL method due to the singularity of the solution and infinite interval. Front-fixing technique [4, 13, 14, 28, 32, 38, 39] was first applied by Egorova et al. [17] to the regime switching model.
To the best of our knowledge, the above methods provide up to second-order accurate solutions. The motivation of this research is to propose a highly accurate front-fixing numerical method for solving the regime-switching pricing model. To this end, we first use a logarithmic transformation to fix the optimal exercise boundary for each regime resulting in a multi-variable fixed domains. Furthermore, we remove the first-order derivative in the model by taking derivatives. As a result, the obtained system of the asset-delta-gamma-speed option equations can be discretized using a higher-order compact finite difference method coupled with the third order Hermite interpolation technique. The discretized scheme is then solved using the Gauss-Seidel iterative method, which predicts the optimal exercise boundary, option value and option Greeks in each regime.
The rest of the paper is organized as follows. In section 2, we consider a regime switching model and its transformations. We transform the model to obtain coupled partial differential equations for option values, delta, gamma, and speed options in each regime. In section 3, we develop a numerical method and its algorithm for solving these equations and obtaining the option values, optimal exercise boundary and the Greeks in each regime. In section 4, we test our algorithm using examples with two, four, eight, and sixteen regimes. We conclude the paper in section 5. 
Regime Switching Model and its Transformations
Assuming a risk-neutral measure [18] , the underlying asset follows a stochastic process
where and are the interest rate and volatility of the asset, respectively, and are dependent on the Markov chain state with
We consider an American put option written on the asset with strike price and expiration time .
Let ( , ) denote the option price and = − . Then ( , ) satisfies the following parabolic PDEs with free boundaries:
Here, the initial and boundary conditions are given as:
where ( ) ( ) is the optimal exercise boundary.
Logarithmic Multivariable Fixed Domain Transformation
To fix the free boundary challenge, we employ a transformation [17, 46] on multi-variable domains as 
Applying this transformation, we obtain the following relations:
Because our interest is to also calculate speed, delta decay, and color options, we differentiate further to obtain higher derivatives of the option value functions as
Let represent the coupled regime(s) in the free boundary PDE equations. The former also has a
Eliminating in the and equations, we obtain
Substituting (9) into (4), the model can be changed to
where the initial and boundary conditions are defined as:
It should be pointed out that at = ( ) ( ), = ln 1 = 0.
First, Second and Third Order Derivative Transformations
To apply the high order compact finite difference method, we further transform the system in (12)- (17) by eliminating the first order derivative. To this end, we let ( , ) represent the derivative of the option value in each regime known as the delta option and given as
Differentiating (12) with respect to , we generate a coupled partial differential equation in terms of delta option of the form
where the initial and boundary conditions for ( , ) are defined as:
Furthermore, we let ( , ) represent the derivative of the delta option in each regime known as the gamma option and given as
Differentiating (19) with respect to , we generate a coupled gamma option PDE equation for each regime of the form
( , ) = − ( ) , ≤ 0; (24) where the initial and boundary conditions for ( , ) are defined as
Finally, we let ( , ) represent the derivative of the gamma option known as the speed option and given as
Differentiating (23) with respect to , we generate a coupled speed option PDE equation in each regime of the form
( , ) = − ( ) , ≤ 0; (28) where the initial and boundary conditions for ( , ) are defined as:
Thus, a set of asset-delta-gamma-speed option PDE equations in each regime are obtained as follows:
and the initial and boundary conditions for ( , ), ( , ), ( , ), and ( , ) are defined as:
It should be pointed out that finding the analytical solution for the above system could be quite troublesome, and therefore, it should be solved numerically.
Numerical Formulation
To solve the above asset-delta-gamma-speed option PDEs, we first design a uniform grid we have
We let the approximation solutions of
, and ( ) ( ) be ( ) , ( ) , ( ) ( ) , ( ) , ( ) , and ( ) , respectively.
Numerical Discretization
In the numerical discretization for the asset, delta, gamma and speed options in each regime, the fourthorder compact finite difference method is used in space, while the second-order Crank-Nicolson method is used in time. To be consistent with the Crank-Nicolson scheme in time, we choose not to freeze the n th step in the coupled regime(s). To track the optimal exercise boundary in each regime, we reformulate the boundary condition for the asset option from (13)- (14) as follows:
which is the Robin boundary condition. Using the following compact finite difference scheme in space [19, 33, 47 , 49]
and the Crank-Nicolson method in time
as well as considering that
the boundary condition for the asset option in each regime can be discretized from (30a) as follows:
Here, the third derivative of the asset option in each regime is reduced to gamma option and approximated with a third order forward finite difference scheme as:
As such, (37) has a truncation error of ( + ℎ ). At each interior grid point, using the compact finite difference scheme [19, 33, 47 , 49]
we discretize (31) as follows:
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where = 1,2, … , − 1 and = 1,2, … , . Here, the truncation error is ( + ℎ ). The optimal exercise boundary and the initial and boundary conditions for each regime are calculated as
respectively. For = 1, we approximate the three Greeks using the first order backward finite
Subsequently, we use the second order backward finite difference approximations
where is the time step. The initial conditions of the theta, delta decay and color options for each regime are calculated as
Hermite Interpolation and Multi-Variable Domain Relationship
Since the mesh for the regime may not completely overlap with the mesh for the regime, we need to consider the relationship between these two fixed domains as shown in Fig. 1(b) , ( ) and ( ) have to be obtained using an interpolation technique. Because ( ) and ( ) are already known, it is convenient to employ the Hermite interpolation [44] to evaluate ( ) and ( ) . If ( ) * > which is beyond the domain, we then set ( ) = 0 as shown in Fig. 1(c) .
As such, we have the following relationship for ( ) and ( ) as:
where the following coefficients are given based on the Hermite Interpolation [44] Fig. 1 . Relationship between the and domains.
Stability Analysis
The stability analysis of our numerical schemes is carried out using the matrix form of von Neumann method (see chapter 8, 9, and 10 of the book written by Hirsch [24] and work of Liao and Khaliq [34] ).
Due to the complex system of the present method, we ignore the coupled regime ( ) and ( ) . Let
Substituting (48) and (49) into (40a), (40b), (40c), and (40d), we obtain 
which can be simplified to
We then obtain a system of equations from (52) as 
Here, represent the amplification matrix. To show that our numerical method is unconditionally stable, we need to confirm that the modulus of the eigenvalue of the matrix A is less than or equal to 1 (see chapter 8, 9, and 10 of the book written by Hirsch [24] and the work of Liao and Khaliq [34] ).
Representing the eigenvalue of the matrix as , we obtain the equation below
Note that
Hence, for
Furthermore, we need to obtain , by solving
The solution of (57) Based on the matrix form of von Neumann analysis, we have proved that the numerical schemes are unconditionally stable.
Computational Procedure
We solve the above numerical scheme in an iterative way. Here, the iterative procedure is carried out using the Gauss-Seidel iterative method with an under-relaxation factor [7, 8] . We first obtaining the optimal exercise boundary, asset option and the option Greeks' solutions for each regime is described in the following algorithm. Compute ( ) and ( ) for = 1,2, … , and ≠ based on (46) (43)- (45).
;
Numerical Experiment and Discussion
To test the accuracy and applicability of the present scheme, we present numerical examples, which are the American put options pricing problem with two regimes, four regimes, eight regimes, and sixteen regimes. The numerical code was written with MATLAB 2019a on Intel Core i5-3317U CPU 1.70GHz 64-bit ASUS Laptop. The numerical procedure was carried out on the mesh with uniform grid size. We first considered the American put options with two regimes. The strike price was chosen to be = 9 at the expiration time = 1. In our computation, we chose the interval 0 ≤ ≤ 3 where the grid size 
Figs. 2 and 3 show the profile of the option prices, Greek parameters, and optimal exercise boundaries for the two-regimes case. In particular, we compared our present method (FF-CS) with MTree, IMS1, IMS2, and MOL [15, 18] as listed in Tables 1 and 2 . To extensively compare our results with the existing ones, we intentionally froze the step of the coupled regime [13, 15] and took values when h = 0.1.
From Tables 1 and 2 , we see that our interpolated data are very close to the ones obtained from MOL,
MTree and Penalty method. Furthermore, our data is very slightly decreasing as ℎ decreases.
To check the accuracy, we calculated the convergence rate from the asset option in regime 1. To obtain the convergence rate in space, we chose a very small time step = 2 × 10 and defined the maximum error using the notation where ( ) (ℎ, ) is the numerical solution from regime 1 obtained based on ℎ and , while ( ) (ℎ/ 2, ) is obtained based on ℎ/2 and . As such, the convergence rate can be obtained using the evaluation:
Similarly, we chose a very small grid size ℎ = 2 × 10 and estimated the convergence rate using the formula: (46b) , the expected fourth order accuracy of the compact scheme was reduced. This is reasonable. The computation speed is very fast and the CPU time at each time step is shown in Table 5 . Commonly, previous works of literature have limited the regime-switching analysis to two and four regimes. This is because, beyond four regimes, it may be complex to compute numerically and code [18] . To show that our method can compute a large finite state space, we wrote a sequence of MATLAB function files and used it to write a few lines of code that can take any number of finite state space. We The strike price and expiration time were chosen to be = 9 and = 1, respectively. In our computation, we chose the interval 0 ≤ ≤ 3 where the grid size ℎ = 10 −2 and = 10 . Figs. 4-7 plot the profiles of the option prices, Greek parameters, and optimal exercise boundaries for the four, eight, and sixteen regimes. Table 6 lists the option prices of the four regimes using the asset values in the interval of 3.5 ≤ ≤ 12. At the money option, volatility has a negligible impact on the delta option for all the regimes. Hence, the plot for each regime intersects at the strike price. For long put options, as we move deep in the money and out of the money, delta converges to -1 and 0, respectively. Gamma is maximum when at the money. Ignoring the sign convention, the theta of ATM is maximum. Delta decay and color options measure the rate at which delta and gamma options decay respectively. 
Conclusion
We have developed an accurate numerical method for solving American put options with regime switching. Through the front-fixing transformations, we were able to fix the optimal exercise boundary for each regime. The derivative transformation enables us to employ the fourth-order compact finite difference method coupled with the Hermite interpolation technique for solving the system of the asset, delta, gamma, and speed options while capturing the optimal exercise boundary and theta, delta decay and color options. Moreover, our method has a substantial advantage because it simultaneously calculates asset, delta, gamma, speed, theta, delta decay and color options, and optimal exercise boundary during iteration. The present scheme has been tested in two, four, eight, and sixteen regimes problems. The results show that the method provides an accurate solution and fast in computation as compared with the existing methods. The future research will include applying this model to nonconstant volatility and interest rate.
